Conventional approaches to object tracking use area correlation, but they are difficult to solve the problem of deformation of object region during tracking. A novel target tracking method based on Lie algebra is presented. We use Gabor feature as target token, model deformation using affine Lie group, and optimize parameters directly on manifold, which can be solved by exponential mapping between Lie Group and its Lie algebra. We analyze the essence of our method and test the algorithm using real image sequences. The experimental results demonstrate that Lie algebra method outperforms other traditional algorithms in efficiency, stabilization and accuracy.
INTRODUCTION
Object tracking, which is an active area of research in computer vision, is widely applied to vision guidance, surveillance, robotic navigation, human-computer interaction, etc. The problem of tracking rapidly moving targets in complex scenes requires adaptive algorithms to attain stable and precise tracking. Conventional correlation-based trackers [1, 2] use either a region's gray information or edges and other features as the target signatures, but it is difficult to solve the problem of object region deformation in the tracking. Over the last 10 years, numerous approaches [3] [4] [5] [6] [7] [8] [12] [13] have been proposed to address this problem. One classic method treats tracking as a nonlinear optimization: Hager and Belhumeur [5] developed geometric parameter models for the image motions of points within a target region，where the best parameters are estimated through minimizing the sum of squared differences (SSD) between a reference template and a region of the image. A recently proposed modified algorithm [6] exchanges the role of template and input image, avoiding re-evaluation of the Hessian matrix every iteration, and significantly reducing costs. Buenaposada [7] extended a parameter model of Hager's algorithm [5] to a projective motion model. Guopu Zhu [8 ] extracted the image edges in the object region and tracked the object efficiently under the varying illumination using Hager's algorithm [5] .
Recently some authors have been using Lie algebra to deal with vision system [9] and robotics system [10] problems. One of the advantages of using Lie algebra is that it allows us to guide an object along the geodesies on the Lie group manifold. Taylor and Kriegman [11] proposed minimization techniques based on successive parameterization of Lie groups in an unpublished technical report, but they provided neither theory analysis nor simulation results. Tsao and Wen [12, 13 ] have recently proposed a tracking algorithm based on Lie derivatives. It is similar to the work of Hager [5] , but explains affine transformation using Lie group, and replaces Jacobian images with Lie derivative. They haven't exploited the essence of Lie group and Lie algebra in tracking.
In this paper, we introduce the differential manifold as new tool for solving optimization problem in object tracking. We formulate the geometric distortion of objects using affine Lie group, develop a novel target tracking method that takes advantage of the structure of Lie algebra of affine Lie group. We also analyze essence of motion parameters, and optimize parameters directly on the manifold, which can be determined by exponential mapping between a Lie group and its Lie algebra. We compare this method to traditional algorithms [5, 6, [12] [13] ; experimental results demonstrate that Lie algebra method outperforms other classic algorithms in efficiency, stabilization and accuracy.
The paper is organized as follows. In Sec.2, we provide a brief introduction Lie group and Lie algebra. In Sec. 3 We describe the target tracking algorithm based on Lie algebra. Results on real image sequences for evaluating algorithm performance are discussed in Sec.4. Sec.5 concludes this paper.
LIE GROUP AND LIE ALGEBRA
Here we briefly explain the main mathematical tools that are used throughout the paper. Lie group and Lie algebra form the basis for our tracking method.
Lie Group
A Lie group is a group with the structure of an analytic manifold such that the group operations are analytic, i.e. the maps
are analytic [14] .
It can easily be seen that the set of nonsingular n n × square matrices forms a Lie group where the group product is modeled by matrix multiplication, usually denoted by ) , ( R n GL for the general linear group of the order n . Lie groups are differentiable manifolds on which we can do calculus. Locally, they are topologically equivalent to the vector space n R .
Lie Algebra
The local neighborhood of any group element G can be adequately described by its tangent-space. The tangent-space at the identity element forms its Lie algebra, which is denoted by g .The Lie algebra g is a vector space equipped with a
known as the Lie bracket. The bracket satisfies the following relationships:
All finite-dimensional Lie groups have matrix representations and the bracket in this case is the commutator operation
.The Lie algebra and the associated Lie group are related by the exponential mapping. Thus for matrix representations we have
，the exponential relationship satisfies the property [14] is given by:
LIE ALGEBRA BASED TRACKING ALGORITHM

Tracking model
The relative motions between an object and the camera setting during tracking cause the shifts and deformations of the object region in the sequence frames. The variations of object region can be described by the affine transformation model when the camera is far enough from the scene or there is little depth change. In this paper, we chose the affine Lie transformation group as the tracking model. 
Affine transformation parameters extraction using Lie algebra
The algorithm initializes the track by assigning a rectangular region containing the target in the first frame as the initial template. The algorithm assumes the gray value is invariable at the same target position in two consecutive frames and calculates the affine transformation parameters, which include the shift and deformation of the target region. The process is repeated for each two consecutive frames.
Proc. of SPIE Vol. 6786 678617-3 Let ) ( X I be Gabor features [15, 16] of the template image location The tracking process can be defined as minimizing the following cost function:
In general, (12) defines a nonlinear optimization problem, which can be solved by iteration. In the case of visual tracking, the continuity of motion provides a starting point from the last frame, （12）can be rewritten as: [12, 13] . The solution to (14) is: 
while the traditional approaches [5] [6] [7] [8] 12, 13] adopt the expression： ) ( ) ( ) (
Advantages of this replace will be discussed in Sec3. 3. The iteration will stop when the estimates of the parameters r converge.
Advantage analyses
The key to our algorithm is using the representation ) exp( ) ( ) ( (17) will not lie on the manifold .Traditional approaches [5-8, 12, 13] search for the best parameter in the tangent space; however, we use a nonlinear mapping ) exp(x projecting the search back to the manifold, which gives a geodesic search.
In the traditional approaches [5-8, 12, 13] , if T is the matrix describing the affine transformation between template and current input object region every iteration, then T is defined by 
We conclude that the affine transformation between template and current object region in traditional approaches is line approximate to this Lie algebra approach. 
Tracking process
The complete target tracking algorithm is presented below:
(1) Initialize the affine parameters r of template in the first frame, input a new frame.
(2) Crop a candidate target region in the new frame according to the parameters from previous frame. 
（6）
Compute r ∆ using equation（15）.
（7） Update affine parameters using:
or iterations is below the threshold, return to step（2）or read a new image then return to step(2), otherwise stop the tracking.
EXPERIMENTAL RESULTS
In order to evaluate the performance of this algorithm, we compared this algorithm to traditional algorithms [5-8, 12, 13] (S.Baker algorithm) with the same real image sequences.
Two typical image sequences with deformable targets were tested using this algorithm. The first sequence contains 90 frames of optical images, the size of each frame is We say that an algorithm converged if after 15 iterations the RMS error change between template and the input image is less than 0.1. So for the first image sequence, the average frequency of convergence of the S. Baker algorithm is only 89% while the average frequency of convergence of Lie algebra algorithm is 100%. Figure 3 (a）shows the average rates of convergence (over the converged tests) of the algorithms, the initial RMS error is the same for the two algorithms but the speed of convergence of the Lie algebra algorithm much higher. The Lie algebra algorithm converged after 3 iterations while the S. Baker algorithm requires 8 iterations.
The second sequence contains 200 frames of infrared images, the size of each frame is 201 301× and the size of template is 51 38 × . The car to be tracked takes place continuous rotation. Figure 4 shows some results of S. Baker algorithm and Lie algebra algorithm. For the first image sequence, the average frequency of convergence of the S.Baker algorithm is 88% while the average frequency of convergence of Lie algebra algorithm is 100%. Figure 3 (b）shows the average rates of convergence (over the converged tests) of the algorithms, The Lie algebra algorithm converged after 4 iterations， while the S.Baker algorithm requires 8 iterations.
The tracking window using the algorithm of S.Baker drift away from the target at the 101th frame, large motions between 100th and 101th frame are responsible for this error. While the higher convergence frequency and higher convergence enhances stability for tracking. The tracking window using the algorithm of S.Baker distort greatly at 172th frame introduced by the large rotation between 171th and 172th frame. While the Lie algebra algorithm is accurately performed in spite of accuracy parameters on the manifold. Tab 1 presents the performance comparison. The experimental results illustrate that this algorithm is stable and efficient to track deformable target in image sequences. The performance of proposed algorithm is superior over traditional algorithms.
CONCLUSION
In this paper, we have proposed a deformable target tracking method based on Lie algebra; describe a novel approach to carrying numerical optimization procedures over the affine Lie group, experimental results validate the algorithm. The improvement of performance is important to design real-time and accurate tracking algorithm. Despite the fact that this paper is focused on deformation of target, all of the previous results concerning change in illumination, partial occlusions can be used directly. This paper has bridge the gap between the abstract mathematical concept and its practical application to target tracking. This help us better understand existing algorithms, and developed even better target tracking algorithm. At the same time, this has motivated us using differential geometry to solving other problems in computer vision and image processing. 
